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We present a theoretical analysis supported by comprehensive numerical simulations of quasi phase-matched
four-wave mixing (FWM) of ultrashort optical pulses that propagate in weakly width-modulated silicon
photonic nanowire gratings. Our study reveals that, by properly designing the optical waveguide such that
the interacting pulses co-propagate with the same group-velocity, a conversion efficiency enhancement of more
than 15 dB, as compared to a uniform waveguide, can readily be achieved. We also analyze the dependence
of the conversion efficiency and FWM gain on the pulse width, time delay, walk-off parameter, and grating
modulation depth. c© 2017 Optical Society of America
OCIS codes: 130.7405, 230.4320, 230.7380, 190.4380, 190.4975, 250.4390.
Frequency generation in optical systems is the main un-
derlying process in a series of key applications, includ-
ing all-optical signal processing, optical amplification,
and wavelength multiplexing. One of the most facile ap-
proaches to achieve this functionality is via optical-wave
interaction in nonlinear media. In the case of media with
cubic nonlinearity, the simplest such interaction is four-
wave mixing (FWM), a nonlinear process in which two
photons combine and generate a pair of photons with
different frequencies. Due to its simplicity and effective-
ness, FWM has been at the center of intense research,
from the early days of nonlinear fiber optics [1,2] to the
recent studies of FWM in ultra-compact silicon (Si) de-
vices [3–19]. Silicon photonic nanowire waveguides (Si-
PNWs) are particularly suited to achieve highly efficient
FWM, as Si has extremely large cubic nonlinearity over a
broad frequency domain. Equally important in this con-
text, due to the deep-subwavelength size of the cross-
section of Si-PNWs, the parameters quantifying their
optical properties depend strongly on wavelength and
waveguide size [18,19]. As a result, one can easily control
the strength and phase-matching of the FWM. These
ideas have inspired intense research in chip-scale devices
based on FWM in Si waveguides, with optical parametric
amplifiers [7, 8, 13], frequency converters [10–12, 14–17],
sources of quantum-correlated photon pairs [20], and op-
tical signal regenerators [21] being demonstrated.
One of the main properties of Si-PNWs, which makes
them particularly suitable to achieve efficient FWM, is
that by properly designing the waveguide geometry one
can easily engineer the dispersion to be either normal or
anomalous within specific spectral domains. More specif-
ically, Si-PNWs with relatively large cross-section have
normal dispersion, which precludes phase matching of
the FWM. This drawback can be circumvented by scal-
ing down the waveguide size to a few hundred of nanome-
ters as then the dispersion becomes anomalous. The price
one pays for this small cross-section is that the device op-
erates at reduced optical power. An alternate promising
approach to achieve phase-matched FWM in the nor-
mal dispersion regime is to employ quasi-phase-matching
(QPM) techniques, i.e. to cancel the linear and nonlinear
phase mismatch of the interacting waves by periodically
varying the waveguide cross-section. This technique has
been recently used for cw optical beams [17], yet in many
cases of practical importance it is desirable to achieve
FWM in the pulsed regime. In addition, at large power
cw beams are strongly depleted by optical losses, which
results in the detuning of the FWM.
In this Letter we show that efficient QPM FWM of
optical pulses can be achieved in Si-PNWs whose width
varies periodically along the waveguide. In this work we
focus on the QPM FWM of pulses that propagate in
the normal dispersion regime, as in this case one cannot
apply alternative phase shifting methods based on non-
linearly induced phase-shifts. Our analysis of the FWM
in long-period Bragg Si-PNWs is based on a theoreti-
cal model introduced in [22], which fully describes opti-
cal pulse propagation and the influence of free-carriers
(FCs) on the optical field dynamics (see also [17,23,24]):
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where u(z, t) and N(z, t) are the pulse envelope and FC
density, respectively, t is the time, z is the distance along
the waveguide, βn = d
nβ/dωn is the nth order disper-
sion coefficient, κ(z) is the overlap between the optical
mode and the (Si) active area of the waveguide, vg(z) is
the group-velocity, δnfc(z) [αfc(z)] are N -dependent FC-
induced index change (losses) [25], and α is the waveg-
uide loss (α = 0 unless otherwise stated). The nonlinear
coefficient, γ, is given by γ(z) = 3ωΓ(z)/4ǫ0A(z)v
2
g(z),
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Fig. 1. (a) Schematics showing a periodically width-
modulated Si-PNW and the configuration of a pulsed
seeded degenerate FWM set-up. Dispersion maps of dis-
persion coefficients: (b) β1, (c) β2, and (d) β4.
and the shock time scale is τ(z) = ∂ ln γ(z)/∂ω, where
A(z) and Γ(z) are the cross-sectional area and the effec-
tive third-order susceptibility, respectively. The system
(1) is integrated numerically by using a split-step Fourier
method [19]. Also, in this study we set tc = 1ns.
The optical waveguide considered here consists of a Si
core with constant height, h = 250nm, and periodically
modulated width, w(z), buried in SiO2. We assume a si-
nusoidal dependence, w(z) = w0+∆w sin(2πz/Λ), where
w0, ∆w, and Λ are the average width, amplitude of the
width modulation, and its period, respectively, but more
intricate profiles w(z) can be readily investigated by our
method. As illustrated in Fig. 1(a), we consider the case
of degenerate FWM, in which two photons at the pump
frequency, ωp, interact with the nonlinear medium and
generate a pair of photons at signal (ωs) and idler (ωi)
frequencies. This FWM process is most effective when
|2(βp − γ′Pp)− βs − βi| = Kg, (2)
where Kg = 2π/Λ is the Bragg wave vector, Pp is the
pump peak power, and βp,s,i(ω) are the mode prop-
agation constants evaluated at the frequencies of the
co-propagating pulses. Note that in Eq. (2) all width-
dependent quantities are evaluated at w = w0.
If ∆ω ≡ ωs − ωp = ωp − ωi ≪ ωp, Eq. (2) can be cast
to a form that makes it more suitable to find the wave-
lengths of the quasi-phase-matched pulses by expanding
in Taylor series the functions βp,s,i(ω), around ωp. Keep-
ing the terms up to the fourth-order, Eq. (2) becomes:∣∣2γ′Pp + β2,p∆ω2 + β4,p∆ω4/12∣∣ = Kg. (3)
The dispersive properties of the Si-PNW, summarized
in Fig. 1, define the spectral domain, in which efficient
FWM can be achieved. The width dependence of the dis-
persion coefficients and other relevant waveguide param-
eters, i.e. γ, κ, and τ , was obtained by using a method
described in detail in [17,24]. Importantly, with a proper
choice of the operating wavelength or waveguide width,
the photonic wire can have both normal and anomalous
GVD. The wavelengths, for which the FWM is quasi-
phase-matched and determined from Eqs. (2) and (3),
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Fig. 2. (a), (b) Wavelength diagrams defined by the
phase-matching conditions (2) and (3), respectively.
Solid (dashed) lines correspond to the signal (idler) and
green (blue) lines to Λ = 2mm (Λ = 6mm). Dash-dot
lines correspond to λp = λs = λi and vertical dotted
lines mark β2(λ) = 0. z-dependence of ∆neff , (c), and
β2, and γ
′, (d), shown for one period, Λ. In (c) and (d)
the lines correspond to ∆w = 10nm (-·-), ∆w = 20nm
(- - -), and ∆w = 30nm (—). In all panels w0 = 740nm.
are plotted in Figs. 2(a) and 2(b), respectively. These
results show that, as expected, for relatively small ∆ω,
Eqs. (2) and (3) lead to similar predictions, whereas they
disagree for large ∆ω. Interestingly enough, Fig. 2(a)
shows that for certain λp’s FWM can be achieved at more
than one pair of wavelengths, (λs, λi), meaning that op-
tical bistability could readily be observed in this system.
The corresponding z-dependence over one period of the
variation of the effective modal refractive index, ∆neff ,
β2, and γ
′, is presented in Figs. 2(c) and 2(d).
The wavelength conversion efficiency and paramet-
ric amplification gain are determined from the pulse
spectrum. Thus, we launch into the waveguide pulses
whose temporal profile, u(0, t) =
√
Pp[exp(−t2/2T 20 ) +√
ξ exp(−t2/2T 20−i∆ωt)], is the superposition of a pump
pulse and a weak signal, whose frequency is shifted by
∆ω. The ratio ξ = Ps/Pp is set to 10% and 1% in the
cases of wavelength conversion and parametric amplifi-
cation, respectively, so that in the latter case the signal
is too weak to affect the pump. We also assume that the
signal and pump have the same temporal width, T0, and,
unless otherwise stated, the same group-velocity, vg.
A generic example of pulse evolution in a uniform and
Bragg Si-PNW, where the latter is designed such that
condition (2) holds, is presented in Fig. 3. We considered
a pulse with T0 = 500 fs, Pp = 200mW, Ps = 20mW,
λp = 1518nm, and λs = 1623nm, so that one expects
an idler pulse to form at λi = 1426nm. The waveguide
parameters are w0 = 740nm, ∆w = 30nm, Λ = 6mm,
β2,p = 0.15ps
2m−1, β4,p = −6.1× 10−7 ps4m−1, and
γ′p = 201.4W
−1m−1. The evolution of the temporal
pulse profile, shown in Figs. 3(a) and 3(b), suggests that
the pulse propagates with a group-velocity, vg, slightly
larger than vg(ωp). Indeed, the pulse propagates in the
normal dispersion regime and its average frequency is
2
smaller than ωp, which means that vg > vg(ωp). In the
case of the Bragg waveguide, additional temporal oscil-
lations of the pulse are observed. This effect is traced to
the periodic variation vg(z), which is due to the implicit
dependence of vg on a periodically varying width w(z).
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Fig. 3. Left (right) panels show the evolution of an op-
tical pulse in a uniform (quasi-phase-matched Bragg)
waveguide (see the text for the values of the pulse and
waveguide parameters). Top, second, and third row pan-
els show the z-dependence of the temporal pulse pro-
file, its spectrum, and FC density, respectively. (g) In-
put (green) and output pulse spectra corresponding to
the uniform (blue) and Bragg (red) waveguides. In inset,
the signal and pump regions of the spectra. (h) Varia-
tion N(z), for uniform (—) and Bragg (· · · ) waveguides.
In inset, dependence ∆nfc(z), for ∆w = 10nm (brown),
∆w = 20nm (blue), and ∆w = 30nm (red).
Due to its specific nature, it is more suitable to study
the FWM in the frequency domain. In particular, the
differences between the evolution of the pulse spectra in
uniform and Bragg waveguides, illustrated by Figs. 3(c)
and 3(d), respectively, underline the main physics of
pulsed FWM in Si-PNWs. Specifically, it can be seen
that, in the Bragg waveguide, the idler energy builds up
at a much higher rate as compared to the case of the
uniform Si-PNW, an indication of a much more efficient
FWM interaction [see also Fig. 3(g)]. In both cases, how-
ever, we observe a gradual decrease of the the pulse peak
power, induced by the linear and nonlinear losses asso-
ciated to the generated FCs. Note that the dispersion
length Ld = T
2
0 /|β2| ≈ 1.6m so that the dispersion-
induced pulse broadening is negligible.
For the Bragg waveguide one can also observe a se-
ries of oscillations of the FC density with respect to z,
which are due to the periodic variation with z of γ′′.
Specifically, the oscillatory z-variation of N(z) results in
a quasi-periodic variation of the effective modal index,
∆nfc(z), which adds to the periodic variation of neff due
to the waveguide-width modulation. Note, however, that
for the power values used in this analysis the former ef-
fect is an order of magnitude weaker than the latter one
[compare Fig. 2(c) with the inset in Fig. 3(h)].
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Fig. 4. (a), (b) CE η(z), calculated for different α and
∆w, respectively. α = 0 in (b). (c) CE calculated for dif-
ferent T0, for Bragg (—) and uniform (· · · ) waveguides.
Pulse and waveguide parameters in (a)–(c) are the same
as in Fig. 3. (d) FWM gain vs. z (the values of pulse and
waveguide parameters are given in the text).
A comparative study of the conversion efficiency (CE),
η(z) = 10 log[Ei(z)/Es(0)], and FWM gain, G(z) =
Es(z)/Es(0), in a Bragg vs. a uniform Si-PNWs is sum-
marized in Fig. 4. The energies of the idler, Ei, and
signal, Es, were calculated by integrating the power
spectrum over a frequency domain containing the cor-
responding pulse. These results clearly show that the
Bragg grating induces a dramatic increase of the CE.
Although the CE decreases with the waveguide loss, the
CE enhancement between the uniform and Bragg waveg-
uides only slightly varies with α. Importantly, the power
decay leads to the detuning of the FWM and, after a cer-
tain distance, to the degradation of its efficiency. As ex-
pected, the CE enhancement increases with ∆w, reach-
ing 15dB for ∆w = 30nm. The CE also depends on T0,
as per Fig. 4(c). Indeed, one expects that the CE in-
creases with T0 since the Bragg waveguide is designed to
phase-match the carrier frequencies of the pulses, so that
spectrally narrower pulses are better phase-matched.
The dependence of the FWM gain on the ampli-
tude of the width modulation is shown in Fig. 4(d).
To avoid large losses due to two-photon absorption,
the device is operated at mid-IR frequencies. Thus, the
pulse has T0 = 500 fs, Pp = 200mW, Ps = 2mW,
λp = 2215nm, and λs = 2102nm, meaning that the
idler is formed at λi = 2340nm. The waveguide parame-
ters were w0 = 720nm, Λ = 6mm, β2,p = 0.43 ps
2m−1,
β4,p = 3.4× 10−4 ps4m−1, and γ′p = 92.8W−1m−1. The
increased FWM efficiency in Bragg Si-PNWs is clearly
demonstrated by these numerical experiments namely, a
transition from negative to positive net gain is observed
3
when ∆w increases from zero to 40nm. When ∆w fur-
ther increases beyond a certain value, ∆w ≈ 50 nm, the
variation over one period of β becomes large enough to
greatly degrade the phase matching of the interacting
pulses, resulting in a steep decrease of the FWM gain.
In our analysis so far we have designed the waveg-
uide so that the pump and signal have the same group-
velocity, meaning that optimum FWM is then achieved.
In Fig. 5, which also considers mid-IR pulses, we present
the CE determined in two cases when this condition does
not hold, i.e. when the walk-off δ = |1/vg,p−1/vg,s| 6= 0,
and for two different values of the pump-signal time de-
lay, Td. The main conclusion that can be drawn from
these results is that when δ 6= 0, FWM occurs only over
a certain distance, which is related to the time necessary
for the pump and signal pulses to pass through each
other. In Fig. 5(a) this propagation section corresponds
to the region where one can observe a series of intensity
fringes, which are due to the frequency beating between
the two pulses. Also, the CE increases rapidly as Td de-
creases because for large Td the pump decays more before
it begins to interact with the signal, i.e. the FWM be-
comes more detuned. This suggests that the CE should
increase with δ as well, in agreement with the results
plotted in Fig. 5(b) for Td = 4T0.
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Fig. 5. (a) Pulse evolution for λs = 2181nm and
λi = 2066nm. (b) CE dependence on z. Green and blue
lines correspond to the pulse in (a) and λs = 2066nm
and λi = 2181nm, respectively. The other parameters in
(a) and (b) are w0 = 600nm, Λ = 6mm, λp = 2122nm,
T0 = 500 fs, Pp = 200mW, and Ps = 20mW.
In conclusion, we showed that efficient pulsed FWM
can be achieved in long-period Bragg silicon waveguides,
which can be used for pulse amplification and to enhance
the wavelength-conversion efficiency, as compared to uni-
form waveguides. These new ideas can be applied to a
multitude of photonic devices, including photonic crys-
tal fibers and sub-micrometer optical waveguides whose
modal frequency dispersion is primarily determined by
the waveguide dispersion. Equally important, by using
more complex grating profiles, e.g. multi-period [17] or
chirped gratings [26,27], one can design photonic devices
with enhanced functionality, including ultra-broadband
sources of entangled photons and highly efficient autores-
onant optical parametric amplifiers.
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